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We discuss the problem of consistent description of higher spin massive fields cou-
pled to external gravity. As an example we consider massive field of spin 2 in
arbitrary gravitational field. Consistency requires the theory to have the same
number of degrees of freedom as in flat spacetime and to describe causal propaga-
tion. By careful analysis of lagrangian structure of the theory and its constraints
we show that there exist at least two possibilities of achieving consistency. The
first possibility is provided by a lagrangian on specific manifolds such as static or
Einstein spacetimes. The second possibility is realized in arbitrary curved space-
time by a lagrangian representing an infinite series in curvature. In the framework
of string theory we derive equations of motion for background massive spin 2 field
coupled to gravity from the requirement of quantum Weyl invariance. These equa-
tions appear to be a particular case of the general consistent equations obtained
from the field theory point of view.
1 Introduction
Despite many years of intensive studies the construction of consistent inter-
acting theories of higher spin fields is still far from completion. Consistency
problems arise both in higher spin field theories with self-interaction and in
models of a single higher spin field in non-trivial external background. In this
contribution we review a recent progress1,2 achieved in building of a consistent
theory of massive spin 2 field in external gravity and in understanding about
the way the string theory predicts consistent equations of motion for such a
system.
In general, there are two ways the interaction can spoil the consistency
of a higher spin fields theory. Firstly, interaction may change the number
of dynamical degrees of freedom. For example, a massive field with spin s
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in D = 4 Minkowski spacetime is described by a rank s symmetric traceless
transverse tensor φ(µ1...µs) satisfying the mass shell condition:
(∂2 −m2)φµ1...µs = 0, ∂µφµµ1...µs−1 = 0, φµµµ1...µs−2 = 0. (1)
To reproduce all these equations from a single lagrangian one needs to intro-
duce auxiliary fields χµ1...µs−2 , χµ1...µs−3 , . . . , χ
3,4. These symmetric trace-
less fields vanish on shell but their presence in the theory provides lagrangian
description of the conditions (1). In higher dimensional spacetimes there ap-
pear fields of more complex tensor structure but general situation remains
the same, i.e. lagrangian description always requires presence of unphysical
auxiliary degrees of freedom.
Namely these auxiliary fields create problems when one tries to turn on
interaction in the theory. Arbitrary interaction makes the auxiliary fields
dynamical thus increasing the number of degrees of freedom. Usually these
extra degrees of freedom are ghostlike and should be considered as patho-
logical. Requirement of absence of these extra dynamical degrees of freedom
imposes severe restrictions on the possible interaction5,6,7,8,9.
The other problem that may arise in higher spin fields theories is con-
nected with possible violation of causal properties. This problem was first
noted in the theory of spin 3/2 field in external fields10 (see also the review11
and a recent discussion in12)
In general, when one has a system of differential equations for a set of
fields φB (to be specific, let us say about second order equations)
MAB
µν∂µ∂νφ
B + . . . = 0, µ, ν = 0, . . . , D − 1 (2)
the following definitions are used. A characteristic matrix is the matrix func-
tion of D arguments nµ built out of the coefficients at the second deriva-
tives in the equations: MAB(n) = MAB
µνnµnν . A characteristic equation is
detMAB(n) = 0. A characteristic surface is the surface S(x) = const where
∂µS(x) = nµ. If for any ni (i = 1, . . . , D−1) all solutions of the characteristic
equation n0(ni) are real then the system of differential equations is called hy-
perbolic and describes propagation of some wave processes. The hyperbolic
system is called causal if there is no timelike vectors among solutions nµ of the
characteristic equations. Such a system describes propagation with a velocity
not exceeding the speed of light. If there exist timelike solutions for nµ then
the corresponding characteristic surfaces are spacelike and violate causality.
Turning on interaction in theories of higher spin fields in general changes
the characteristic matrix and there appears possibility of superluminal propa-
gation. Such a situation also should be considered as pathological. Note that
the requirement of causal behaviour is an independent condition. Interaction
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with external fields may violate causality even in a covariant theory with the
correct number of degrees of freedoma.
As an example where both these problem arise we consider the theory
of massive spin 2 field in external gravitational field in arbitrary spacetime
dimension. In Section 2 we describe the structure of its lagrangian equations
of motion and constraints and demonstrate how correct number of degrees of
freedom can be achieved in a number of specific spacetimes. Namely, we con-
sider two examples - an arbitrary static spacetime and an Einstein spacetime.
In both cases there exists correct flat spacetime limit though in static case
there may be regions where propagation of some of the spin 2 field comonents is
acausal. Another possibility of achieving consistency is described in Section 3
where lagrangian equations of motion for massive spin 2 field are constructed
in form of infinite series in curvature. These kinds of infinite series arise nat-
urally in string theory which contains an infinite tower of massive higher spin
excitations and so should also provide a consistent scheme for description of
higher spin fields interaction. Section 4 is devoted to open string theory in
background of massless graviton and massive spin 2 field. As is well known14
the requirement of quantum Weyl invariance of two-dimensional σ−model
coupled to massless background fileds gives rise to effective equations of mo-
tion for these fields. In case of massive background fields the coresponding
σ−model action is non-renormalizable and should contain an infinite number
of terms but as was shown in15 a specific structure of renormalization makes
it possible to calculate all β−functions pertaining in each perturbative order
only finite number of counterterms. In linear order the effective equations
of motion obtained that way were shown to be in agreement with canonical
analysis of the corresponding σ−model action16. In this contribution we show
that string theory also gives consistent equations of motion for massive spin
2 field interacting with gravity which represent a particular case of general
equations described in the previous sections.
2 Massive spin 2 field on specific manifolds
Let us start with reminding the lagrangian structure of a free massive spin 2
field. To find the complete set of constraints we use the general lagrangian
scheme17 which is equivalent to the Dirac-Bergmann procedure in hamilto-
nian formalism but for our purposes is simpler. In the case of second class
constraints (which is relevant for massive higher spin fields) it consists in the
aIt is intersting that dimensional reduction can provide in principle a very specific non-
minimal coupling to external fields which preserve consistency and causality, see discussion
for spin 3/2 field in13.
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following steps. If in a theory of some set of fields φA(x), A = 1, . . . , N the
original lagrangian equations of motion define only r < N of the second time
derivatives (“accelerations”) φ¨A then one can build N−r primary constraints,
i.e. linear combinations of the equations of motion that do not contain ac-
celerations. Requirements of conservation in time of the primary constraints
either define some of the missing accelerations or lead to new (secondary) con-
straints. Then one demands conservation of the secondary constraints and so
on, until all the accelerations are defined and the procedure closes up.
In the flat spacetime the massive spin 2 field is described by symmetric
transversal and traceless tensor of the second rank Hµν satisfying mass-shell
condition: (
∂2 −m2
)
Hµν = 0, ∂
µHµν = 0, H
µ
µ = 0. (3)
In higher dimensional spacetimes Poincare algebras have more than two
Casimir operators and so there are several different spins for D > 4. Talking
about spin 2 massive field in arbitrary dimension we will mean, as usual, that
this field by definition satisfies the same equations (3) as in D = 4. After
dimensional reduction to D = 4 such a field will describe massive spin two
representation of D = 4 Poincare algebra plus infinite tower of Kaluza-Klein
descendants.
All the equations (3) can be derived from the Fierz-Pauli action3:
S =
∫
dDx
{
1
4
∂µH∂
µH − 1
4
∂µHνρ∂
µHνρ − 1
2
∂µHµν∂
νH +
1
2
∂µHνρ∂
ρHνµ
− m
2
4
HµνH
µν +
m2
4
H2
}
(4)
where H = ηµνHµν .
Here the role of auxiliary field is played by the trace H = ηµνHµν . The
equations of motion
Eµν = ∂
2Hµν − ηµν∂2H + ∂µ∂νH + ηµν∂α∂βHαβ − ∂σ∂µHσν − ∂σ∂νHσµ
−m2Hµν +m2Hηµν = 0 (5)
contain D primary constraints (expressions without second time derivatives
H¨µν):
E00 = ∆Hii − ∂i∂jHij −m2Hii ≡ ϕ(1)0 ≈ 0 (6)
E0i = ∆H0i + ∂iH˙kk − ∂kH˙ki − ∂i∂kH0k −m2H0i ≡ ϕ(1)i ≈ 0. (7)
The remaining equations of motion Eij = 0 allow to define the accelerations
H¨ij in terms of H˙µν and Hµν . The accelerations H¨00, H¨0i cannot be expressed
from the equations directly.
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Conditions of conservation of the primary constraints in time E˙0µ ≈ 0
lead to D secondary constraints. On-shell they are equivalent to
ϕ(2)ν = ∂
µEµν = m
2∂νH −m2∂µHµν ≈ 0 (8)
Conservation of ϕ
(2)
i defines D − 1 accelerations H¨0i and conservation of
ϕ
(2)
0 gives another one constraint. It is convenient to choose it in the covariant
form by adding suitable terms proportional to the equations of motion:
ϕ(3) = ∂µ∂νEµν +
m2
D − 2η
µνEµν = Hm
4D − 1
D − 2 ≈ 0 (9)
Conservation of ϕ(3) gives one more constraint on initial values
ϕ(4) = −H˙00 + H˙kk = H˙ ≈ 0 (10)
and from the conservation of this last constraint the acceleration H¨00 is de-
fined. Altogether there are 2D + 2 constraints on the initial values of H˙µν
and Hµν .
Obviously, the equations of motion (3) are causal because the character-
istic equation
detM(n) = (n2)D(D+1)/2 (11)
has 2 multiply degenerate roots
− n20 + n2i = 0, n0 = ±
√
n2i . (12)
which correspond to real null solutions for nµ. Note that analysis of causality
is possible only after calculation of all the constraints. Original lagrangian
equations of motion (5) have degenerate characteristic matrix detM(n) ≡ 0
and do not allow to define propagation cones of the field Hµν .
Now if we want to construct a theory of massive spin 2 field on a curved
manifold we should provide the same number of propagating degrees of free-
dom as in the flat case. It means that new equations of motion Eµν should lead
to exactly 2D+2 constraints and in the flat spacetime limit these constraints
should reduce to their flat counterparts. The important point here is that con-
sistency does not require any specific transformation properties of constraints
in curved spacetime. For example, in flat case the constraints ϕ
(2)
µ form a
Lorentz vector but there is no reason to require their curved counterpart to
be a vector with respect to local Lorentz transformation. The only conditions
one should care of is that the total number of constraints should conserve
and that they should always be of the second class. In massless higher spin
fields theory one should also require conservation of the corresponding gauge
algebra and achieving consistency in that case is a more difficult task18.
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Generalizing (4) to curved spacetime we should substitute all derivatives
by the covariant ones and also we can add non-minimal terms containing
curvature tensor with some dimensionless coefficients in front of them. As a
result, the most general action for massive spin 2 field in curved spacetime
quadratic in derivatives and consistent with the flat limit should have the
form5:
S =
∫
dDx
√
−G
{
1
4
∇µH∇µH − 1
4
∇µHνρ∇µHνρ − 1
2
∇µHµν∇νH
+
1
2
∇µHνρ∇ρHνµ + a1
2
RHαβH
αβ +
a2
2
RH2 +
a3
2
RµανβHµνHαβ
+
a4
2
RαβHασHβ
σ +
a5
2
RαβHαβH − m
2
4
HµνH
µν +
m2
4
H2
}
(13)
where a1, . . . a5 are so far arbitrary dimensionless coefficients, R
µ
νλκ =
∂λΓ
µ
νκ − . . ., Rµν = Rλµλν .
Equations of motion contain second time derivatives of Hµν in the follow-
ing way:
E00 = (G
mn −G00G00Gmn +G00G0mG0n)∇0∇0Hmn +O(∇0),
E0i = (−G0iG00Gmn +G0iG0mG0n −G0mδni )∇0∇0Hmn +O(∇0),
Eij = (G
00δmi δ
n
j −GijG00Gmn +GijG0mG0n)∇0∇0Hmn +O(∇0) (14)
So we see that accelerations H¨00 and H¨0i again (as in the flat case) do not
enter the equations of motion while accelerations H¨ij can be expressed through
H˙µν , Hµν and their spatial derivatives.
There are D linear combinations of the equations of motion which do not
contain second time derivatives and so represent primary constraints of the
theory:
ϕ(1)µ = E
0
µ = G
00E0µ +G
0jEjµ (15)
At the next step one should calculate time derivatives of these constraints
and define secondary ones. In order to do this in a covariant form we add to
the time derivative of ϕ
(1)
µ a linear combination of equations of motion and
primary constraints and define the secondary constraints as follows:
ϕ(2)µ = ∇αEαµ (16)
Conservation of these D secondary constraints should lead to one new con-
straint and to expressions for D − 1 accelerations H¨0i. This means that the
constraints (16) should contain the first time derivatives H˙0µ through the
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matrix Φˆµ
ν built out of the blocks A, Bj , Ci, Di
j
ϕ
(2)
0 = A H˙00 +B
jH˙0j + . . .
ϕ
(2)
i = CiH˙00 +Di
jH˙0j + . . . (17)
whose rank is equal to D − 1.
In the flat spacetime we had the matrix block elements
A = Bj = Ci = 0, Di
j = m2δji (18)
while in the curved case the explicit form of these elements in the constraints
(16) is:
A = RG00(2a1 + 2a2) +R
00(a4 + a5) +R
0
0G
00(a4 + a5 − 1)
Bj = m2G0j +RG0j(2a1 + 4a2) + 2a3R
0j
0
0 +Rj0G
00(a4 − 2)
+R0j(a4 + 2a5) +R
0
0G
0j(a4 + 2a5)
Ci = R
0
iG
00(a4 + a5 − 1)
Di
j = −m2G00δji + 2a1RG00δji + 2a3R0ji0 + a4R00δji
+ (a4 − 2)RjiG00 + (a4 + 2a5)R0iG0j (19)
At this stage the restrictions that consistency imposes on the type of
interaction reduce to the requirements that the above matrix elements give
det Φˆ = 0, detDi
j 6= 0 (20)
When the gravitational background is arbitrary it is not clear how to fulfill
this condition by choosing some specific values of non-minimal couplings a1,
. . . a5. For example, requirement of vanishing of the elements A and Ci (19)
would lead to contradictory equations a4 + a5 = 0, a4 + a5 − 1 = 0.
But the consistency conditions (20) can be fulfilled in a number of specific
gravitational background. Namely, any spacetime which in some coordinates
has
R0i = 0 (21)
provides such an example. In such a spacetime R00 = R00G
00 and choosing
coefficients a1 + a2 = 0, 2a4 + 2a5 = 1 we have the first column of the matrix
Φˆ vanishing and so the conditions (20) fulfilled.
As a first example where (21) holds let us consider an arbitrary static
spacetime, i.e. a spacetime having a timelike Killing vector and invariant
with respect to the time reversal x0 → −x0. In such a spacetime one can
always find coordinates where
∂0Gµν = 0, G0i = 0. (22)
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The matrix elements (19) in this case become
A = RG00(2a1 + 2a2) +R
00(2a4 + 2a5 − 1),
Bj = 0, Ci = 0, (23)
Di
j = (−m2G00 + 2a1RG00 + a4R00)δji + (a4 − 2)RjiG00 + 2a3R0ji0
and (20) lead to the following conditions:
2a1 + 2a2 = 0, 2a4 + 2a5 − 1 = 0, detDij 6= 0 (24)
The last inequality may be violated in strong gravitational field and as we
comment below this fact may lead to causal problems.
Suppose that all the conditions (24) are fulfilled. For simplicity we also
choose a3 = 0. Then we have the classical action of the form (13) with the
coefficients
a1 =
ξ1
2
, a2 = −ξ1
2
, a3 = 0, a4 =
1
2
− ξ2, a5 = ξ2 (25)
where ξ1, ξ2 are two arbitrary coupling parameters.
One of the secondary constraints
ϕ
(2)
0 = ∇αEα0 (26)
does not contain velocities H˙00, H˙0i and so its conservation leads to a new
constraint ϕ(3) ≈ ∇0∇αEα0. After exclusion from this expression the acceler-
ations H¨ij we get this constraint as the following combination of the equations
of motion:
ϕ(3) = ∇0∇µEµ0 − ξ2G00RijEij
+
1
D − 2
[
m2G00 + (ξ2 − ξ1)RG00 +R00
]
GijEij (27)
ϕ(3) contains neither the acceleration H¨00 nor the velocity H˙00. It means that
its conservation in time leads to another new constraints
ϕ(4) ≈ ∇0ϕ(3) (28)
and hence the total number of constraints is the same as in the flat spacetime.
Unfortunately, analysis of causal properties of such a theory on static
background2 shows that there can be spacetime regions where some of the
above constraints fail to be of the second class and some components of Hµν
may propagate with superluminal velocities.
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Another possible way to fulfill the consistency requirements (20) is to
consider spacetimes representing solutions of vacuum Einstein equations with
arbitrary cosmological constant:
Rµν =
1
D
GµνR . (29)
In this case the coefficients a4, a5 in the lagrangian (13) are absent and the
elements of the matrix Φˆ take the form:
A = RG00(2a1 + 2a2 − 1
D
)
Bj = RG0j(2a1 + 4a2) + 2a3R
0j
0
0 +m2G0j
Ci = 0
Di
j = 2a3R
0j
i
0 +G00δji (2a1 −
2
D
)−m2G00δji (30)
The simplest way to make the rank of such a matrix to be equal to D − 1 is
provided by the following choice of the coefficients:
2a1 + 2a2 − 1
D
= 0, a3 = 0, 2R
(
a1 − 1
D
)
−m2 6= 0. (31)
As a result, we have one-parameter family of theories:
a1 =
ξ
D
, a2 =
1− 2ξ
2D
, a3 = 0, a4 = 0, a5 = 0
Rµν =
1
D
GµνR,
2(1− ξ)
D
R+m2 6= 0. (32)
with ξ an arbitrary real number.
The action in this case takes the form
S =
∫
dDx
√
−G
{
1
4
∇µH∇µH − 1
4
∇µHνρ∇µHνρ − 1
2
∇µHµν∇νH
+
1
2
∇µHνρ∇ρHνµ + ξ
2D
RHµνH
µν +
1− 2ξ
4D
RH2
− m
2
4
HµνH
µν +
m2
4
H2
}
. (33)
and the corresponding equations of motion are
Eµν = ∇2Hµν −Gµν∇2H +∇µ∇νH +Gµν∇α∇βHαβ −∇σ∇µHσν
−∇σ∇νHσµ + 2ξ
D
RHµν +
1− 2ξ
D
RHGµν
−m2Hµν +m2HGµν = 0 (34)
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The secondary constraints built out of them are
ϕ(2)µ = ∇αEαµ = (∇µH −∇αHµα)
(
m2 +
2(1− ξ)
D
R
)
(35)
Just like in the flat case, in this theory the conditions ϕ˙
(2)
i ≈ 0 define the
accelerations H¨0i and the condition ϕ˙
(2)
0 ≈ 0 after excluding H¨0i gives a new
constraint, i.e. the acceleration H¨00 is not defined at this stage.
To define the new constraint in a covariant form we use the following linear
combination of ϕ˙
(2)
µ , equations of motion, primary and secondary constraints:
ϕ(3) =
m2
D − 2G
µνEµν +∇µ∇νEµν + 2(1− ξ)
D(D − 2)RG
µνEµν = (36)
= H
1
D − 2
(
2(1− ξ)
D
R+m2
)(
D + 2ξ(1−D)
D
R+m2(D − 1)
)
This gives tracelessness condition for the field Hµν provided that parameters
of the theory fulfill the conditions:
2(1− ξ)
D
R+m2 6= 0, D + 2ξ(1−D)
D
R+m2(D − 1) 6= 0 (37)
Requirement of conservation of ϕ(3) leads to one more constraint
ϕ˙(3) ∼ H˙ =⇒ ϕ(4) = H˙ ≈ 0. (38)
The last acceleration H¨00 is expressed from the condition ϕ˙
(4) ≈ 0.
Using the constraints for simplifying the equations of motion we see that
the original equations are equivalent to the following system:
∇2Hµν + 2RαµβνHαβ + 2(ξ − 1)
D
RHµν −m2Hµν = 0,
Hµµ = 0, H˙
µ
µ = 0, ∇µHµν = 0, (39)
G00∇0∇iHiν −G0i∇0∇iH0ν −G0i∇i∇0H0ν −Gij∇i∇jH0ν
− 2Rα0βνHαβ − 2(ξ − 1)
D
RH0ν +m
2H0ν = 0.
The last expression represents D primary constraints.
For any values of ξ (except two degenerate values excluded by (37)) the
theory describes the same number of degrees of freedom as in the flat case - the
symmetric, covariantly transverse and traceless tensor. D primary constraints
guarantees conservation of the transversality conditions in time.
Let us now consider the causal properties of the theory. Again, if we
tried to use the equations of motion in the original lagrangian form (34)
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then the characteristic matrix would be degenerate. After having used the
constraints we obtain the equations of motion written in the form (39) and
the characteristic matrix becomes non-degenerate:
Mµν
λκ(n) = δµν
λκn2, n2 = Gαβnαnβ . (40)
The characteristic cones remains the same as in the flat case. At any point
x0 we can choose locally G
αβ(x0) = η
αβ and then
n2
∣∣
x0
= −n20 + n2i (41)
Just like in the flat case the equations are hyperbolic and causal.
Now let us discuss the massless limit of the theory under consideration.
There are several points of view on the definition of masslessness in a curved
spacetime of an arbitrary dimension. We guess that the most physically ac-
cepted definition is the one referring to appearance of a gauge invariance for
some specific values of the theory parameters (see e.g.20,21 for a recent discus-
sion).
In our case it means that the real mass parameter M for the field Hµν in
an Einstein spacetime is defined as
M2 = m2 +
2(1− ξ)
D
R (42)
WhenM2 = 0 instead ofD secondary constraints ϕ
(2)
µ we haveD identities for
the equations of motion ∇µEµν ≡ 0 and the theory acquires gauge invariance
δHµν = ∇µξν + ∇νξµ. This explains the meaning of the first condition in
(37), it just tells us that the theory is massive.
In fact, two parameters m2 and ξ enter the action (33) in a single com-
bination M2 (42). Since scalar curvature is constant in Einstein spacetime
there is no way to distinguish between the corresponding terms ∼ ξRHH ,
∼ m2HH (with arbitrary ξ, m) in the action. The difference between the
two will appear only if we consider Weyl rescaling of the metric. Note that
the “massless” theory with M2 = 0 is not Weyl invariant. In the case of
dS/AdS spacetimes the difference between masslessness, conformal and gauge
invariance and null cone propagation was discussed in detail in22. In our case
the theory obviously cannot possess Weyl invariance.
The second inequality (37) is more mysterious. If it fails to hold, i.e. if
M2 =M2c ≡ D−2D(D−1)R then instead of the constraint ϕ(3) the scalar identity
∇µ∇νEµν + R
D(D − 1)G
µνEµν = 0 (43)
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with the corresponding gauge invariance
δHµν = ∇µ∇νǫ+ R
D(D − 1)Gµνǫ (44)
arise.
Appearance of this gauge invariance with a scalar parameter was first
found for the massive spin 2 in spacetime of constant curvature in22 and was
further investigated6,7 in spacetimes with positive cosmological constant. Our
analysis shows that this gauge invariance is a feature of more general spin 2
theories in arbitrary Einstein spacetimes. In this case we can simplify the
equations of motion using the secondary constraints (35):
∇2Hµν −∇µ∇νH +2RµανβHαβ + 2−D
D(D − 1)RHµν −
1
D(D − 1)RGµνH = 0.
(45)
After imposing the gauge conditionb H = 0 one can see that these equations
describe causal propagation of the field Hµν but the number of propagat-
ing degrees of freedom corresponds to neither massive nor massless spin 2
free field. It was argued in6,7 that appearance of the gauge invariance (44)
leads to such pathological properties as violation of the classical Hamiltonian
positiveness and negative norm states in the quantum version of the theory.
One should expect similar problems in the general spin 2 theory in arbitrary
Einstein spacetime described in this paper.
3 Consistent equations in arbitrary gravitational background
In the previous section we analyzed a possibility of consistent description
of the spin 2 field on specific spacetime manifolds. Now we will describe
another possibility which allows to remove any restrictions on the external
gravitational background by means of considering a lagrangian in the form of
infinite series in inverse mass m. Existence of dimensionful mass parameter
m in the theory let us construct a lagrangian with terms of arbitrary orders
in curvature multiplied by the corresponding powers of 1/m2, i.e having the
following schematic form:
SH =
∫
dDx
√−G
{
∇H∇H +RHH +m2HH
+
1
m2
(R∇H∇H +RH∇∇H +RRHH) +O
( 1
m4
)}
(46)
bIt does not fix (44) completely and the residual symmetry with the prameter obeying(
∇2 + R
D−1
)
ǫ = 0 remains.
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Actions of this kind are expected to arise naturally in string theory where the
role of mass parameter is played by string tensionm2 = 1/α′ and perturbation
theory in α′ will give for background fields effective actions of the form (46).
Possibility of constructing consistent equations for massive higher spin fields as
series in curvature was recently studied in9 where such equations were derived
in particular case of symmetrical Einstein spaces in linear in curvature order.
Here we demonstrate that requirement of consistency with the flat space-
time limit can be fulfilled perturbatively in 1/m2 for arbitrary gravitational
background at least in the lowest order. We use the same general scheme of
calculating lagrangian constraints as in the previous section. The only dif-
ference is that each condition will be considered perturbatively and can be
solved separately in each order in 1/m2.
Primary constraints in the theory described by the action (46) should
be given by the equations E0µ ≈ 0. Requirement of absence of second time
derivatives in these equations will give some restrictions on coefficients in
higher orders in 1/m2, for example, in terms like R∇H∇H .
Consistency with the flat spacetime limit requires existence of one addi-
tional constraint among conservation conditions of the secondary constraints.
The advantage of having a theory in the form of infinite series consists in
the possibility to calculate the determinant of the matrix Φˆ perturbatively
in 1/m2. Assuming that the lower right subdeterminant of the matrix is not
zero (it is not zero in the flat case) one has
det Φˆ = (A−BD−1C) detD , detD 6= 0 (47)
Converting the matrix D perturbatively
D−1 = − 1
m2G00
δji +O
(
1
m4
)
(48)
we get
A−BD−1C = RG002(a1 + a2) +R00(2a4 + 2a5 − 1) +O
(
1
m2
)
(49)
So consistency with the flat limit imposes at this order in m2 two conditions
on the five non-minimal couplings in the lagrangian (46) and we are left with
a three parameters family of theories:
a1 =
ξ1
2
, a2 = −ξ1
2
, a3 =
ξ3
2
, a4 =
1
2
− ξ2, a5 = ξ2. (50)
The action (46) then takes the form:
SH =
∫
dDx
√
−G
{
1
4
∇µH∇µH − 1
4
∇µHνρ∇µHνρ − 1
2
∇µHµν∇νH
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+
1
2
∇µHνρ∇ρHνµ + ξ1
4
RHαβH
αβ − ξ1
4
RH2 +
1− 2ξ2
4
RαβHασHβ
σ
+
ξ2
2
RαβHαβH +
ξ3
2
RµανβHµνHαβ − m
2
4
HµνH
µν +
m2
4
H2
+O
( 1
m2
)}
(51)
In this case the rank of the matrix Φˆ is equal to D − 1 and one can
construct from the conservation conditions for the secondary constraints
∇0ϕ(2)ν = ∇0∇µEµν = ΦˆνµH¨0µ + . . . (52)
one covariant linear combination which does not contain acceleration H¨0µ:
ϕ(3) ≈ ∇µ∇νEµν − 1
m2
Rαν∇α∇µEµν +O
( 1
m4
)
(53)
Derivatives of the field Hµν enter this expression in such a way that it does
not contain the accelerations H¨00, H¨0µ and the velocity H˙00. It means that
just like in the flat case the conservation condition ϕ˙(3) ≈ 0 leads to another
new constraints ϕ(4) and the last acceleration H¨00 is defined from ϕ˙
(4) ≈ 0.
The total number of constraints coincides with that in the flat spacetime.
The constraints ϕ(3) and ϕ
(2)
µ can be solved perturbatively in 1/m2 with
respect to the trace and the longitudinal part of Hµν
ϕ(3) ∼ H +O
( 1
m2
)
, ϕ(2)µ ∼ ∇µHµν +O
( 1
m2
)
(54)
and used for reducing the original equations of motion to the conditions:
∇2Hµν −m2Hµν + ξ1RHµν − (1
2
+ ξ2)(Rµ
αHαν +Rν
αHαµ)
+ (ξ3 + 2)Rµ
α
ν
βHαβ +
ξ2 − ξ3 − 1
D − 1 GµνR
αβHαβ +O
( 1
m2
)
= 0,
H +O
( 1
m2
)
= 0, ∇µHµν +O
( 1
m2
)
= 0 (55)
and also to the D primary constraints E0µ. We see that even in this lowest
order in m2 not all non-minimal terms in the equations are arbitrary. Con-
sistency with the flat limit leaves only three arbitrary parameters while the
number of different non-minimal terms in the equations is four.
However, if gravitational field is also subject to some dynamical equations
of the form Rµν = O(1/m
2) then the system (55) contains only one non-
minimal coupling in the lowest order
∇2Hµν −m2Hµν + (ξ3 + 2)RµανβHαβ +O
( 1
m2
)
= 0,
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H +O
( 1
m2
)
= 0, ∇µHµν +O
( 1
m2
)
= 0,
Rµν +O
( 1
m2
)
= 0 (56)
and is consistent for any its value.
Requirement of causality does not impose any restrictions on the couplings
in this order. The characteristic matrix of (55) is non-degenerate, second
derivatives enter in the same way as in the flat spacetime, and hence the
light cones of the field Hµν described by (55) are the same as in the flat
case. Propagation is causal for any values of ξ1, ξ2, ξ3. In higher orders in
1/m2 situation becomes more complicated and we expect that requirement of
causality may give additional restrictions on the non-minimal couplings.
Concluding this section we would like to stress once more that the theory
(51) admits any gravitational background and so no inconsistencies arise if one
treats gravity as dynamical field satisfying Einstein equations with the energy
- momentum tensor for the field Hµν . The action for the system of interacting
gravitational field and massive spin 2 field and the Einstein equations for it
are:
S = SE + SH , SE = − 1
κD−2
∫
dDx
√
−GR,
Rµν − 1
2
GµνR = κ
D−2THµν , T
H
µν =
1√−G
δSH
δGµν
(57)
with SH given by (51). However, making the metric dynamical we change the
structure of the second derivatives by means of nonminimal terms ∼ RHH
which can spoil causal propagation of both metric and massive spin 2 field5.
This will impose extra restrictions on the parameters of the theory. Also, one
can consider additional requirements the theory should fulfill, e.g. tree level
unitarity of graviton - massive spin 2 field interaction23.
4 String theory in background of massive spin 2 field
In this section we will consider sigma-model description of an open string
interacting with two background fields – massless graviton Gµν and second
rank symmetric tensor field Hµν from the first massive level of the open string
spectrum. We will show that effective equations of motion for these fields are
of the form (56) and explicitly calculate the coefficient ξ3 in these equations
in the lowest order in α′.
Classical action has the form
S = S0 + SI =
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=
1
4πα′
∫
M
d2z
√
ggab∂ax
µ∂bx
νGµν +
1
2πα′µ
∫
∂M
edt Hµν x˙
µx˙ν (58)
Here µ, ν = 0, . . . , D−1; a, b = 0, 1 and we introduced the notation x˙µ = dxµedt .
The first term S0 is an integral over two-dimensional string world sheet M
with metric gab and the second SI represents a one-dimensional integral over
its boundary with einbein e. We work in euclidian signature and restrict
ourselves to flat world sheets with straight boundaries. It means that both
two-dimensional scalar curvature and extrinsic curvature of the world sheet
boundary vanish and we can always choose such coordinates that gab = δab,
e = 1.
Theory has two dimensionful parameters. α′ is the fundamental string
length squared, D-dimensional coordinates xµ have dimension
√
α′. Another
parameter µ carries dimension of inverse length in two-dimensional field the-
ory (58) and plays the role of renormalization scale. It is introduced in (58)
to make the background field Hµν dimensionless. In fact, power of µ is re-
sponsible for the number of massive level to which a background field belongs
because one expects that open string interacts with a field from n-th massive
level through the term
µ−n(α′)−
n+1
2
∫
∂M
edt x˙µ1 . . . x˙µn+1Hµ1...µn+1(x)
The action (58) is non-renormalizable from the point of view of two-
dimensional quantum field theory. Inclusion of interaction with any massive
background produces in each loop an infinite number of divergencies and so
requires an infinite number of different massive fields in the action. But
massive modes from the n−th massive level give vertices proportional to µ−n
and so they cannot contribute to renormalization of fields from lower levels.
Of course, this argument assumes that we treat the theory perturbatively
defining propagator for Xµ only by the term with graviton in (58). Now we
will use such a scheme to carry out renormalization of (58) dropping all the
terms O(µ−2).
Varying (58) one gets classical equations of motion with boundary condi-
tions:
gabDa∂bx
α ≡ gab(∂a∂bxα + Γαµν(G)∂axµ∂bxν) = 0,
Gµν∂nx
µ|∂M −
2
µ
D2txµHµν
+
1
µ
x˙µx˙λ(∇νHµλ −∇µHνλ −∇λHµν) = 0 (59)
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where ∂n = n
a∂a, n
a – unit inward normal vector to the world sheet boundary
and D2t xµ = x¨µ + Γµνλ(G)x˙ν x˙λ.
Divergent part of the one loop effective action has the form
Γ
(1)
div = −
µ−ε−1
2πε
∫
∂M
dte(t)x˙µx˙ν
(∇2Hµν − 2RµαHαν +RµανβHαβ)
+
µ−ε
4πε
∫
M
d2+εz
√
ggab∂ax
µ∂bx
νRµν +O(µ
−2) (60)
where the terms O(µ−2) give contributions to renormalization of only the sec-
ond and higher massive levels. Hence one-loop renormalization of the back-
ground fields looks like:
◦
Gµν = µ
εGµν − α
′µε
ε
Rµν
◦
Hµν = µ
εHµν +
α′µε
ε
(∇2Hµν − 2Rσ(µHν)σ +RµανβHαβ) (61)
with circles denoting bare values of the fields. We would like to stress once
more that higher massive levels do not influence the renormalization of any
given field from the lower massive levels and so the result (61) represents the
full answer for perturbative one-loop renormalization of Gµν and Hµν .
Now to impose the condition of Weyl invariance of the theory at the
quantum level we calculate the trace of energy momentum tensor in d = 2+ ε
dimension:
T (z) = gab(z)
δS
δgab(z)
=
εµ−ε
8πα′
gab(z)∂ax
µ∂bx
νGµν − µ
−1−ε
4πα′
Hµν x˙
µx˙νδ∂M (z)
(62)
and perform one-loop renormalization of the composite operators:
(
x˙µx˙ν
◦
Hµν
)
0
= µ−ε
[
x˙µx˙νHµν
]
(63)
(gab∂ax
µ∂bx
ν
◦
Gµν)0 = µ
ε
[
gab∂ax
µ∂bx
ν(Gµν − α
′
ε
Rµν)
]
(64)
+
α′µ−1+ε
ε
[
Hα
αδ′′∂M (z) +D2t xµ(∇µHαα − 4∇αHαµ)δ∂M (z)
+x˙µx˙ν(∇µ∇νHαα − 4∇α∇(µHν)α + 2∇2Hµν − 2RµανβHαβ)δ∂M (z)
]
Here delta-function of the boundary δ∂M (z) is defined as∫
M
δ∂M (z)V (z)
√
g(z)d2z =
∫
∂M
V |z∈∂Me(t)dt (65)
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The renormalized operator of the energy momentum tensor trace is:
8π[T ] = −
[
gab∂ax
µ∂bx
νE(0)µν (x)
]
+
2
µ
δ∂M (z)
[
x˙µx˙νE(1)µν (x)
]
+
1
µ
δ∂M (z)
[
D2t xµE(2)µ (x)
]
+
1
µ
δ′′∂M (z)
[
E(3)(x)
]
(66)
where
E(0)µν (x) = Rµν +O(α
′)
E(1)µν (x) = ∇2Hµν −∇α∇µHαν −∇α∇νHαµ
−RµανβHαβ + 1
2
∇µ∇νHαα − 1
α′
Hµν +O(α
′)
E(2)µ (x) = ∇µHαα − 4∇αHαµ +O(α′)
E(3)(x) = Hα
α +O(α′) (67)
Terms of order O(α′) arise from the higher loops contributions.
The requirement of quantum Weyl invariance tells that all E(x) in (67)
should vanish and so they are interpreted as effective equations of motion
for background fields. They contain vacuum Einstein equation for graviton
(in the lowest order in α′), curved spacetime generalization of the mass shell
condition for the field Hµν with the mass m
2 = (α′)−1 and D + 1 additional
constraints on the values of this fields and its first derivatives. Taking into
account these constraints and the Einstein equation we can write our final
equations arising from the Weyl invariance of string theory in the form:
∇2Hµν +RµανβHαβ − 1
α′
Hµν +O(α
′) = 0,
∇αHαν +O(α′) = 0, Hµµ +O(α′) = 0,
Rµν +O(α
′) = 0. (68)
They coincide with the equations found in the previous section (56) with the
value of non-minimal coupling ξ3 = −1.
In fact, Einstein equations should not be vacuum ones but contain de-
pendence on the field Hµν through its energy - momentum tensor T
H
µν . Our
calculations could not produce this dependence because such dependence is
expected to arise only if one takes into account string world sheets with non-
trivial topology and renormalizes new divergencies arising from string loops
contribution24.
Rµν +O(α
′) = THµν −
1
D − 2T
Hα
α, (69)
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where explicit form of the lowest contributions to the energy-momentum ten-
sor THµν can be determined only from sigma model on world sheets with topol-
ogy of annulus.
In order to determine whether the equations (68) can be deduced from
an effective lagrangian (and to find this lagrangian) one would need two-
loop calculations in the string sigma-model. Two-loop contributions to the
Weyl anomaly coefficients E(i) are necessary because the effective equations of
motion (67,68) are not the equations directly following from a lagrangian but
some combinations of them similar to (55). In order to reverse the procedure
of passing from the original lagrangian equations to (55) one would need the
next to leading contributions in the conditions for ∇µHµν and Hµν (68).
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